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The asymptotic method of [1-4] is used to derive two-dimensional dynamical equations for a plate made up
of N anisotropic layers with planes of elastic symmetry parallel to the faces. It is shown that, unlike the case
of isotropically layered plates (4], these equations do not reduce to the equations for an equivalent
monoplate and Kirchhoff’s first hypothesis is inapplicable. The full stress tensor, including asymptotically
small components, is determined, as are the integral characteristics of the assembly. The general cases of
separation of the problems of bending and longitudinal tension-compression-shearing are analysed, and
some particular anisotropic structures are considered. It is proposed to solve static problems by
representing the unknown functions as functions of a complex variable.

1. ConsIDER a layered plate consisting of N anisotropic linearly elastic layers, perfectly bonded
together along horizontal planes of contact and such that there is a horizontal plane of elastic
symmetry at each point. This will be the case, for example, in a plate formed by stacking
unidirectional composites with rotated horizontal principal axes. The positions of the layers are
represented by the Cartesian coordinates

X, X, EQCR?, Z;<X;=Z<Zy,, (j=1,2,...,N)

Let H; = Z;,, — Z; be the thickness of the jth layer, p; its density, G; its stiffness matrix, Hy, po, Eo,
co = (Eo/po)"?, T, are the half-thickness and characteristic density, modulus of elasticity, velocity
and duration of dynamical processes, respectively, for the entire assembly. Assuming that the
variability of the stress-strain state in the longitudinal direction is determined by a minimal
characteristic dimension L, (depending on the external forces and the geometry of the plate), we
shall always use dimensionless variables, displacements, stresses and stiffness matrix

(le -X2) Z T G
(x4, X)= —————, z= —, t= —, g= —
LO Ho To Eo
U >
(U W)=y, Uy, W)= — . gy = —2E
(l 2 ) Ho af Eo

A superscript j, wherever necessary, will denote the number of the layer. The external loads are
concentrated on the exposed faces of the plate

03 =07 (X1, x2,1). T=(0,3,023)=7 (X1, X2,1) 1.1)
@ =z, ZN+1)

and are functions varying at a fairly slow rate. The displacements and stresses are continuous across
the interfaces
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ols=ol3', mwy=@wi-! z=z, j=23... N (1.2)

We shall treat the quotient € = Hy/L, as a small parameter, T, = €™ 'Lg/c, (later we shall
consider the case T = 0); the ratios of the layer thicknesses, stiffnesses and densities do not form new
small (or large) parameters.

The three-dimensional dynamical elastic equations for each layer may be written as follows:

32w + €0, Mau + €?N3w — p(pog33) '9;w=0 (1.3)
32Kjut+ed, Miw+e’Nju—p(pogss) 'dju; =0 (1+2)

g33Ms =iy {(g13 +855) 01 +(8as +836) 02} +iz {(gas +&36) 31 +(g23 + 844)0,]
€33N3 =g550] + 28435012 + 24493

gssKi =gssiy + gasiz, &ssMy =(813 + &55) 31 +(8as +836) 0

gssNi =11 121197 +2216012 +86603 1 +iz {21607 + (812 + 266) 312 + 82603

To solve this system of equations, we expand the unknown functions in asymptotic series in powers
of € (1, 2, 5] in each layer (s =0,1,2, ...)

u=er1Zeul®, w=erZeswl®) (1.4)

thereby obtaining the equations for the components of the displacements

a:W(s) + azMau(s_z) + Naw(sﬁz) —p(0o83 3™ atz‘W(s—“z‘r) =0 (1.5)
2K u® + 3, Mw® + N ul—2 _ p(pogss) ' d2u—4+2M =9
2. Integrating system (1.5) for s =0, 1 and assuming that 7<2, we obtain expansions of the
s-components in terms of the variable z
w) =W+ z2w(, u® = ul) + 2l + 22/2uf
2Kul? = -Mpw(), 0l =goawl? (a=1,2,3: 8=1,2) 1)
0(1’3) = gasluzy +9,we ] +gssfuy, + a1Wo](s) +2z[gasus2 +g55u12](s) (1+2)
o = gaow(’). 836 #0
' (81691 + 86632) ul) + (2660, +82632)“gs), 836 =0
In view of the necessary independence of the stresses o, and conditions (1.2), we conclude that,
irrespective of the layer index j,
uD=uf) —zgradw®, o8 =0 =w® =uf)=0
and also
ol = {0’ gfs #0
1 . . i
li1(21691 + 86692) *12(86601 + £2692)] (Wo — zgradwo)®, g, =0

The functions on the right of these equalities depend only on x4, x,, t. In general, for expansions
of the s-components in powers of z, that is,

K K s
u®= T Ful) W= TG k=20~
k=0 k=0 2
we have the following recurrence relations in each layer
(k+2)(k+ )W, +(k+ DM3ul D + Nawl ™D — p(pogas) 132wl 427 =0 (2.2)
(k +2)(k + DKyul, + (k + ) MwE, +Niul ™ — p(pogss) ' 7 ufi 427 =0 (1 2)
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3. In our analysis of the components with indices s + 2 = 2, 3 and their subsequent values, we take
7= 0 (T~ Ly/coe and the frequency in the harmonic problem is wy~2mcoe/Ly). We are thus not
considering the version of the quasistatic equations for all the displacements, or the appearance in
all equations of inertial terms (>0, when short waves are excited and the condition e<1 is
violated). We will confine ourselves to the classical Kirchhoff-Love long-wave theory of plates. The
recurrence relations (2.2) imply that in each layer

2wt = L, wl®), 6Kﬁu(3”2) = (Nggrad — MgL,) w{)
2Kgult?) = _Mpwl*) —Nguf®, o{t¥ =0 (3.1)
L, =Mjgrad — Ny =L, grad
g33ly =i,(81391 +83692) +i2(g3691 + £2392)
Since the boundary conditions (1.1) are arbitrary, it remains to require that
oD =0, wi*D=_Luf), 2Kguf*?) = [MgL; — NgJu§? (3.2)

Let us determine the structure of the other stresses. By Hooke’s law and (3.1) and (3.2), we
obtain

W54 o) 150 o) durf) grad )

o7 oD 5001 = dlrtg) )~ dlerfe) ) 63
di(pg) Zir(11101 +71602) +i2(7169, +71292) (12)

d(Ypg) Zi1(Y1691 * 76692) +i2(Y6601 *72602), Vpg =8pq — Ep3£3q/E33

defining o$4°*? using a different procedure. Indeed, since the surface load is independent of
thickness and the contact stresses (1.1) and (1.2) are equal across the layer interfaces, it follows that

. 1 j-1 N K
(hs+2) = = gty =y g0 k k +
o =—(1g+153)8 +[ 2 - Z Zpey — ot st
830 2 l( s t7g) A+s+3 [n=1 j+1] gl( n+1 —Zn) 83k
X k k i, s+2
- kzzl(zm +2f) off St )} (3.4)

N K
K Ky (i - .
fEI kz=:1(ziH ——zf)alg;'ks”)_("'g - 75) 8R45+43

The leading components o55;> are

0§s3+12)=31“83)‘ oﬂ%*:”=%b‘WS‘) (12
a1(Ypg) =8ss(MLy =Ny)~/,L,, b, =—ajgrad, [, =g559; + ga50,

and after these are substituted into (3.4), we obtain the final expressions for the stresses and a
compatible quasi-static system of equations for the longitudinal and transverse stresses.

Since 052 = 0 fors = 0, 1 and the surface load is independent of ¢, it is natural to set A = —4 and
to check the expansions corresponding to indices s +4 = 4, 5. In the relations analogous to (3.4) for
the normal stresses, we must make the following substitutions: 7z for o, og; for o3 and K for K —1,
and take the Kronecker delta &), .. Following Hooke’s law and taking the recurrence relations
(2.2) into account, we determine (for all s=0, k> 0) the leading components of the normal stresses
in each layer

oS = 1 {_”_ 92w(+2m) dm(ﬁz)} e
k po

Substituting these equalities, we obtain an expression for o *** and a third mixed equation for
the normal and longitudinal displacements. Omitting the cumbersome algebra and the simplifica-
tions of double sums, we present the final result
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([, 8%2) = o281 1 Za+i = Zn ©
g’ =183 7 X, [hafup + -~ Gwol + (3.5)
ee i gy 22 (EP
+(z._zj')a£u%»)+ d_n.;(_'ll.béwgf)
; * + * + j h
o/ s = g*80 + (2* — z) dive® - [(zf - nL s, 2ln e wis +
Lo Po
2 2 2 2 3 3 (s}
Zn+1 — 2p Zn+1 — Zp Zp+1 — 2Zn
2, {[hn - -——-2~—-~~]ai’uo +1 5 i ]bfWo} -
-2y . . 2 z@) @) ..
IR e KAy S0 ) DU Sl o SN SN ¥ BV ()]
PR M 2 3 10w
-5 $
_=X , 2= X, zi=2zi44, 2
{ =y * n=jdl ! it /
2, wE) + A ul) + Bw) = (0% —07) 80 +div(z*r* - T H (3.6)

Agul®) + Byw{®) = (r§ —73) 8,

a, =dya; + 0,3, = ~iy by —izby, b, F0.by + by = ~a,grad

As=a5(DL,). Bp= by(Dl), A.=a,(Di,), B.=b,(D3) (3.7)
1 N .
Dla== T Gl -zDvle (1=1,2,3; pg=11,12,22,16,66,26)
n =i
N hop:
o= T AN
=1 po

Expressions (3.5) and (3.3) are the first two terms of the asymptotic expansions of all the
components of the stress tensor; a compatible system of equations for the displacements is given by
(3.6) and (3.7); it is accurate to within terms O(€*).

4. We will now indicate the orders of the main (dimensional) physical quantities that correspond
to the above choice of asymptotic expansions. Their behaviour as e— +0 is similar to the case of a
homogeneous plate [1]. They all have the form

V=Me* {00+ (D) + 0@}

where r = 0 corresponds to the problem of the bending of the plate by a normal load and r = 1
corresponds to the reaction of the plate to a tangential load. The values M = L, and p = -3,
u = —2 are obtained for the transverse and longitudinal displacements, M = E, and p = -2 for
stresses a8 = 11,12, 22 and u = —1, u = 0 for af = 13, 23 and af = 33 (second-degree stresses are
not determined in hypothetical plate theories).

Considering the bending moments m,z (M = E,L3) and the linear and transverse forces gug , ¢g3
(M = E, L) obtained by integrating the stresses over the plate cross section as a whole, we see that
the dimensional quantities are smaller than the stresses by two and one orders of magnitude,
respectively. The expressions for the bending moments and linear forces are analogous to (3.3),
except that the arguments v,,, 2v,, of the operators are replaced by the membrane-flexural and
flexural stiffnesses Dﬁq, D,, for the moments or by the membrane and membrane-flexural
stiffnesses D,,, D3, for the forces. Expressions for the transverse forces are determined by the
equality

q§y? = —ag(D} ) ul) — b DI WE + (2 1~ 2713) 8}

and satisfy the “coupling” equations
q§33+2) = {0,m; + azmm; D421t -27)8) (1)
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The fundamental equations (3.6), written in terms of forces and moments, are the same as the
classical equations of the Kirchhoff-Love theory. In statics

19,y + 32912}V +(rf - 7)83=0 (192)
{01913 +3,423} €D +(0* —07) 80 =

{0%m, +282,m,, +33m,} D +div(z*e* - zr7) 8l +(0*—07)82=0

5. All the preceding arguments were phrased for an arbitrary position of the origin along the
vertical; they yield consistent equations for the linear and transverse displacements. We will now
analyse the possibility of a special choice of system of coordinates and separation of the problems.
To that end we will need the complete expressions for the fundamental operators

A, =i (D},8} +2D140}, + D} 033) —i, (D163} + (D}, + D) 0%, +D}¢33)

5.1
By =D},8} +3D14010, + (D}, +2D36) 3,03 + D363} (12) G-

Generally speaking, none of the terms in (5.1) will vanish and the proportions among them may
be arbitrary. That is the situation, for example, in the most-general anisotropic conditions or in the
case of asymmetrically assembled orthotropic layers or crosswise stacking. We have thus obtained
rather contradictory conditions for eliminating the operators B;, B, and A from Eqs (3.6), and the
following proposition holds.

Proposition 1. The problems of bending and linear tension-compression-shearing are not
separable for an assembly of N anisotropic layers, arbitrarily stacked with respect to their thickness.
Hence it is impossible to indicate an equivalent anisotropic monoplate with the average characteris-
tics of the layers, as has been done for isotropically elastic layers [4].1

The physical reason for the interconnections among the problems is that the strains

€gsl) = alug’l)—zafwél), egsz) = %(aluoz + azum - 2Za§2Wo)(s) (] had 2)

may turn out to be non-zero for any position of the longitudinal plane x,x,, so that Kirchhoff’s first
hypothesis is violated.

If the layers are symmetrically arranged, it is natural to put z = 0 in the middle plane. Then the
sum Z,(z5, —z}')F; will vanish for any symbols F; independent of the vertical coordinates. The
membrane-flexural stiffnesses must be eliminated in Eqs (3.6) and in the expressions for the forces
and moments; this automatically isolates the problem of bending for an assembly with undeform-
able middle plane.

Proposition 2. The behaviour of an assembly of N =2n+1 layers, symmetrically placed with
respect to their thickness, is similar to that of an anisotropic monoplate with an undeformable
middle plate.

We emphasize that, unlike the situation in the hypothetical construction of equations, we are
defining the complete stress tensor, including asymptotically small components, which may be used
to analyse internal stresses, the strength of adherence of the layers, and so on .

We will now consider an intermediate situation. A natural test of when the problems are
interconnected is the function

F(zy)= {1 BylI* + 1 B,1*} % =

= {(D3))? +(10D%¢)? +2(D?, +2D%6)* +(10D36)? +(D3,)2 ) ¥

which has the property that F?(z,) is a quadratic polynomial. The vertical position of the origin is
chosen subject to the condition

zy=2": E=F(z7)=minF(z)

1See also SIMONOV I. V., Dynamical equations of the bending of thin elastic plates which are degenerately
inhomogeneous with respect to thickness. Preprint No. 468, Inst. Problem Mekh., Akad. Nauk SSSR, 1990.
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Proposition 3. If £<1, the problems of bending and linear tension-compression-shearing of a
layered assembly may be separated step by step in the following iterative procedure

Dovg“’) =R®), Dovﬁ,’ll =-D, y'ss), IDoll, I Dy il =0Q)
v=(u,u,w)", y=(wwu)t, vW= T gnoly®
n=1

where R®) is the vector of loads in Egs (3.6), Dy is the operator corresponding to the separate
problems of bending and generalized plane-stress state, and D, is the operator with membrane-
flexural components

D0=(A1-A2, Bt+pta?)1! Dl=£_l(Bl-BZ~AO)T

An exact determination of the radius of convergence of the series in £ requires a further analysis
of the specific boundary conditions, but it is quite obvious that for sufficiently small values of ¢, the
iteration procedure will converge in any reasonably chosen norm.

The case £ = 0 exhausts all combinations of the parameters that admit of complete separation of
the problems.

We will consider some of these special anisotropic structures.

Proposition 4. Consider a composite beam made up of orthotropic layers with principal axes in the x;, x5, x5
directions, loaded along the x;, axis. Then the problem may be separated if one chooses
1 i1

N
E e — . .‘ ] v‘ = .
2=~ Spr ]El mHMy . H=hj+2 n)ilh,, (5.2)

The mean stiffnesses, Young’s modulus and Poisson’s ratios for bending and tension-compression-shear for
this choice of parameter are

v, =D{,/D},, € =3%D}, (1 - ()] (-3)
VL=D:z/D’|1- e:=%D:1[1'(Vl-)2]
'3 _ e s . .
711' [——I—'] » 'Yllzz"zll'hll
ll—”u"nji

so that one obtains an analogous isotropic monobeam. There is a slight difference, in that the secondary linear
forces and/or bending moments in the reduced middle plane need not vanish

qgs+2) =v D1, 3lu(osn) - D}, aing), m£s+2) =D, alu((lsl) ~viD}, a,’w‘(f)

and in this sense the middle plane is not neutral.

Proposition 5. If the layers are transversally isotropic (z being the common axis of anisotropy), then a
separate formulation of the problem is also obtained if one chooses the reduced middie plane in accordance
with formula (5.2).

Indeed, assuming that ¢ and v are the normalized Young’s moduli and Poisson’s ratios in the plane of
isotropy, we see that in each layer

e e
= e Jpdiv — ———— =
ag 0 agdiv T iga, bg=voga

a, = —yAdiv, b,=vA? (a=dl+2))

e

-l-——l;” Y2 TV

Y=V SV SVia Y276 S
and separated equations may then be derived from (3.6). The expressions for the moments and forces in the
plate cross section are also considerably simpler, and the values of the mean Young’s moduli and Poisson’s
ratios are determined from (5.3).

These results agree with those obtained for isotropically layered plates (see the paper cited in the previous
footnote), so that all cases considered in this paper in which the layer parameters are asymptotically degenerate
may be generalized naturally to structures with transversal isotropy.
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6. To solve static problems for an asymmetric assembly, one can introduce a displacement
potential and thus make use of the theory of functions of a complex variable, which has been
developed for the case of an anisotropic monoplate [7]. Suppose we have a particular solution of the
problem, corresponding to specific loads in Egs (3.6). We seek coupled non-degenerate
homogeneous solutions in the following form (omitting the index s)

u=Re[u*y'(§1x; +§ax3)], w=Re[uip(f1x: + §2x2)] (6.1)

where ug, , {g are complex constants and the function ¢ is differentiated globally with respect to its
argument (we may assume without loss of generality that {; = 1, {, = {, u3 = 1). Then Eqs (3.6) are
identically satisfied if { is a root of the (eighth-order) characteristic equation, and the constants u?%,
u3 may be determined from the linear system

P*($1.$2)= P3sPo t Pi1 P33t P22D} s+ 2P12D23p3; =0 (6.2)
Pu*=0. P=llposll, p*=detP, po=p,,p;, -p?,

The polynomials p,g are given by

Pi1 =-D}1§f - 2D}6§'1§z —Déefg, P12 =_D{6§} _(Diz "'Dtlso)fxfz “‘D;6§§
3=D1,8} +3D}48i8: + (D1, +2D%6) 6183 + D683, P31 =-p13 (1 ©2)
P33 =D} 81 +4D}eti¢, +2(D3, +2D36) $383 +4D36¢, 83 + D3, 88

If an undeformable ‘“neutral” plane (£=0) exists and the problems of bending and the
generalized plane-stress state are separable, then pg3=0. The roots of the characteristic equation
(6.2) also fall into two groups, corresponding to the two problems. For the bending problem
ui = u% = 0 and for the plane problem u% = 0; the substitution ¢ = ¢', followed by some minor
algebra, makes it possible to use well known methods [7].

Proposition 6. The characteristic equation (6.2) and the characteristic equations for the
components (A, A,) and B, of the reduced operator Dy have no real roots. The complex roots form
conjugate pairs.

To prove this, consider the expression for the potential energy of the plate. Using asymptotic expansions, we
obtain

1
n®= 7 Sf't { qy€1, 424,36, * 4,6, —mdiw, —2m, 37, w, —m, 3}w, | (S)dn (6.3)
N=E,L3e™ | n(O) + e’l’l(l) +0(e)], eap = Y(Bdalop + Dty q)

Substituting (6.1) into (6.3), we obtain a quadratic form
1
n*w*y == [ {p,,ula} - 2 pogustglle’1?dQ, tER
25 aglly Uy aﬂ#33aﬁaﬁ}¢ ¢

Since the energy is positive definite, this implies that p*({), po({), p33({) >0 for {E R. The second part of the
proposition follows from the fact that all the coefficients of the polynomials are real. Hence the operators are
elliptic and the problem can be solved with the operator Dy by the same methods as in classical plate theory.

Finally, expressions (6.1) become

4
(ug, Wo) = LZIRC(U‘w'. Uik, Sk+a = Sk, S * 8 (6.4)
and are sufficiently arbitrary to satisfy the combined boundary conditions on the set 9(}.

Physical considerations dictate that there should be four such conditions, most naturally formulated by
combining the boundary conditions for the problems of bending and the generalized plane-stress state of the
plate [5, 7-9]. The error due to the integral conditions at the ends may depend on the choice of these conditions
(3], but in isotropic plates, as a rule, it does not exceed O(e) outside a boundary layer. The detailed
construction of the boundary layer for a layered plate and its interaction with the internal stresses requires
special treatment.
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In conclusion, we present an example in which the representation (6.4) is particularly simple. Consider an
elliptic layered plate of asymmetric structure with a rigidly clamped contour

N f=@, /e, +6,/e,)' —1=0, =0, w,=3,w, =0
The solution for a constant normal load and linear shear loads
ot = const, 1’: = T,txl + ffx, s ré = const
is
Ugg=ug, d,f* + Ug,3,f*, W, =uy,f*, uggER

After substitution into Eqs (3.6), we obtain a linear system of fifth-order equations for the constants u,g. If
the assembly is orthotropic and the semi-axes of the ellipse lie along the principal axes, then u;; = u;; = 0 and
the number of equations is reduced to three.

7. In the steady state, the dispersion relation for a monochromatic wave (ug, wo)=(u*,
u%)exp (iwt — in(x;cos 8+ x,sin 8) ) is determined by the polynomials (6.2) and becomes

n*p*(cosd, sing)
P «Do{c0s8, sing)

w?=
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